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POTENTIAL LOG CANONICAL CENTERS
LORENZO PRELLI
Abstract. Given an ambient variety X and a fixed subvariety Z we give sufficient condi-
tions for the existence of a boundary ∆ such that Z is a log canonical center for the pair
(X,∆). We also show that under some additional hypotheses ∆ can be chosen such that
(X,∆) has log canonical singularities.
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Introduction
Log canonical centers are special subvarieties of a pair (X,∆), and their behavior is
related to the properties of log canonical singularities; they also provide a framework for
inductive arguments in higher dimensional algebraic geometry.
Most of the results in the literature consider a pair (X,∆) and draw conclusions on its
lc centers. In this paper, we fix an ambient variety X and a subvariety Z and we try to
answer the following:
Question. Is there a divisor ∆ such that Z is a log canonical center for (X,∆)? What can be
said about the pair (X,∆)?
If such a divisor exists, we call Z a potential lc center for X.
As it turns out, quite a large class of subvarieties Z are potential lc centers, at least
with reasonable hypotheses on X. The first result is the following:
Theorem A (Theorem 2.1). Let X a Q-Gorenstein normal variety and let Y be any irreducible
subvariety not entirely contained in SingX. Then there is a boundary ∆ such that Y is a log
canonical center for the pair (X,∆).
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If we make stronger assumptions on the singularities of both the subvariety and the
ambient variety, we can even classify the singularities of (X,∆).
Theorem B (Theorem 4.1). Let X be a Gorenstein variety with lc singularities, and let W be
a reduced irreducible special complete intersection in X (i.e. cut out by homogeneous forms of
the same degree) with log canonical singularities, not contained in SingX. Then there exist a
boundary ∆ such that the pair (X,∆) has log canonical singularities and W is a log canonical
center for (X,∆).
This paper is structured as follows: the first section is devoted to the basic properties
of lc centers. The second states and proves the first theorem. The third section is a brief
introduction to the theory of Du Bois singularities, as they are used extensively in the
fourth section to prove the second theorem.
Acknowledgements. The author would like to thank his advisor Sa´ndor Kova´cs for sug-
gesting the problem and for his supervision. The author would also like to thank Alberto
Chiecchio and Siddharth Mathur for numerous useful conversations.
1. Background and notations
Definition 1.1. Let X be a normal variety over an algebraically closed field k of char-
acteristic zero, and let ∆ be an effective Weil R-divisor such that KX + ∆ is R-Cartier.
Assume furthermore that ∆ is a subboundary, i. e. all of its coefficients are at most 1. A
subvariety Z ⊆ X is called a log canonical center for the pair (X,∆) if:
(1) The pair (X,∆) has log canonical singularities at the generic point of every com-
ponent of Z
(2) There is a birational morphism f ∶ Y → X and a prime divisor E in Y such the
discrepancy of E with respect to ∆ is −1 and f (E) = Z
If the pair (X,∆) has log canonical singularities, more of the geometry of its lc centers
is known.
Theorem 1.2 (Theorem 5.14, [Kol13]). If (X,∆) is a lc pair, then
(1) Any intersection of lc centers is a union of lc centers
(2) Every union of lc centers is seminormal
(3) Every lc center that is minimal w. r. t. inclusion is normal
In this paper, we will make use of the following
Definition 1.3. Let X be a variety in Pn, and let Y be a subvariety of X whose codimen-
sion in X is r. Then we say that Y is a complete intersection in X if there are r homoge-
neous forms F1, . . . , Fr such that Y is the subscheme theoretic of X defined by the ideal
(F1, . . . , Fr). If di = deg Fi, then we say that Y is of type (d1, . . . , dr) in X.
If d1 = . . . = dr we say that Y is a special complete intersection in X.
We will also need some well known results from commutative algebra.
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Definition 1.4. Let A be a Notherian ring. We say that A is Rn if for every prime p ⊂ A
of height ≤ n the local ring Ap is regular. We say that A is Sn if for every prime p ⊂ A of
height ≤ n we have depthAp ≥ n.
Proposition 1.5 (Serre’s criterion, [Eis95]). A ring A is normal iff it’s R1 and S2. A ring A is
reduced iff R0 and S1.
Finally, we will use the following notation: if A is a graded ring and I a homogeneous
ideal, V(I) will denote the closed subscheme of ProjA cut out by the ideal I.
2. Log canonical centers of Q-Gorenstein varieties
The main result of this section is:
Theorem 2.1. Let X a Q-Gorenstein normal variety and let Z ⊆ X be any irreducible subvariety
not entirely contained in SingX. Then there is a boundary ∆ such that Y is a log canonical center
for the pair (X,∆).
Note that Theorem 2.1 implies that any subvariety of a smooth variety is a log canon-
ical center.
The structure of the proof can be summarized as follows: first, we will embed Z in a
complete intersection W and consider the birational morphism f ∶ Y → X, where Y is the
normalization of the blow up of X at W. Then we will produce a divisor ∆ such that the
unique component of the exceptional divisor of f that dominates Z has discrepancy −1
for the pair (X,∆).
We will begin by reducing to the case where X is Cohen-Macaulay, as being an lc
center is a generic property. More precisely: let (X,∆) be a pair and let U ⊆ X be an open
set. If Z is an irreducible subvariety of X with U ∩ Z ≠ ∅ and U ∩ Z is an lc center for
(U,∆ ∣U ) then it is easy to see that Z is an lc center for (X,∆).
We can also assume that where Z is a complete intersection in X.
Lemma 2.2. Every subvariety Z of a Cohen-Macaulay variety X is a component of a reduced
complete intersection in X.
Proof. Let S be the homogeneous coordinate ring of X in Pn. The ideal IZ ⊆ S is prime,
hence we can apply Lemma 2.3 to get a (homogeneous) non zerodivisor g1 ∈ IZ such that
S/g1 is reduced and CM. Continuing in this fashion one gets a regular sequence g1, . . . , gr
contained in IZ, where r = codim Z. Since the ideal is radical and equidimensional, then
it’s the intersection of the minimal prime ideals containing it. By construction, the height
of IZ is the same as the height of (g1, . . . , gr), so IZ has to be one of its minimal primes,
hence Z is a component of the complete intersection cut out in X by the gi’s. 
Lemma 2.3. Let R be a finite type reduced graded Cohen-Macaulay k-algebra, with char k = 0,
and let p be a prime in R of height ≥ 1. Then there is a homogenous element g ∈ p such that g is a
non zerodivisor and R/g is reduced and CM.
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Proof. Write R = S/I where S is a graded polynomial ring over k, and let f1, . . . , fN be
homogeneous polynomials of the same degree d such that p≥d is generated by the images
of fi’s in S/I. The idea is to look for an element of the form
g = ∑λi fi, λi ∈ k
Let’s first establish that at least a non zerodivisor of that form exists: if all linear com-
binations were zero divisors, then they would lie in the union of the minimal primes pi
of R, thus implying that p≥d ⊆ ⋃pi. If a ∈ p then for some q we would have aq ∈ p≥d, thus
aq ∈ ⋃pi, which in turn forces a ∈ ⋃pi. This would show that p ⊆ ⋃pi and by the prime
avoidance lemma then p ⊆ pj for some j, which is impossible by the assumption on the
height of p: therefore at least one of the fi’s is not a zero divisor.
Now we shall show that there is a non empty open set U ⊆ kN such that g is a non
zerodivisor in R for all (λi) ∈ U. Indeed, g is a zerodivisor iff it is contained in one of the
minimal primes pi’s, and this happens precisely when (λi) is in the kernel of the k-linear
map
ψi ∶ kN → Rpi/piRpi , (λi) ↦ g
By the reasoning in the previous paragraph, the kernel of ψi is not the whole of k
N , and
setting U = kN ∖⋃kerψi yields the desired open set.
Since char k = 0, then by Bertini’s theorem the generic element g of the linear system
generated by the fi’s is smooth on the nonsingular locus of Z(I) away from Z(p), and
from the discussion above g is also a non zerodivisor. In particular, R/g is reduced at the
generic point of each component, hence it’s R0. Since R is CM and g a non zerodivisor,
we have that R/g is CM too: in particular it’s S1. It follows that R/g is reduced. Finally,
note that since R is CM and g is a non zerodivisor, then R/g is CM as well. 
Note that this implies that every subvariety of Pn is a component of a reduced com-
plete intersection, a fact that is quite interesting on its own.
Now we will proceed to compute the mutiplicities of the exceptional divisors of the
blow up of X at a complete intersection.
Lemma 2.4. Let X be Q-Gorenstein and CM, and let W be a complete intersection in X. Write
W =W1 ∪ . . . ∪Wq as the union of its irreducible components, and let Y be the normalization of
the blow up of X at W. Then the exceptional divisor E has exactly r components Ei and moreover
we have
KY ∼ f
∗KX + (r − 1)E1 + . . . + (r − 1)Eq
Proof. Let Y′ be the blow up of X at W, with exceptional locus E. Since W is a complete
intersection, then the ideal of W in X is locally generated by a regular sequence, as one
can easily check. Therefore, the very same proof of [Har77, Theorem II.8.24(b)] gives
that the exceptional divisor is a projective bundle over W, hence E has exactly as many
components as W. It follows that the preimage V of the smooth locus of W is smooth in
Y′: in particular Y′ is regular in codimension one.
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Let n ∶ Y → Y′ be the normalization map and let f ∶ Y → X be the composition of
Y with the blow up map. The R1 condition on Y′ implies that n is an isomorphism
in codimension one, therefore the exceptional locus has codimension at least 2 and n ∶
n−1E → E induces an isomorphism over the smooth locus of each component Ei of E.
Therefore, in order to compute the discrepancies of the Ei’s we can restrict to looking at
the smooth locus of Wi. Let Ui be a neighborhood of the smooth locus of Wi in X on
which X is smooth. By [Har77, Ex. II.8.5] we have that
KY ∣ f−1Ui ∼ f
∗KX ∣ f−1Ui + (r − 1)Ei ∣ f−1Ui
Since Ui cannot contain any other components of W other than Wi, this concludes the
proof. 
Now we need to produce a boundary ∆: if Di denotes the divisor determined by Fi,
then a natural choice is to set ∆ = D1 + . . . +Dr. It turns out that this actually works. First
of all we check that (X,∆) satisfies the condition (1) of the definition of lc center.
Lemma 2.5. The pair (X,∆) is snc away from the union of the singular loci of W and X.
Proof. Let U = X ∖ (SingX ∪ SingW), and let p ∈ U. We will first prove that every compo-
nent Di of ∆ is smooth at p.
Let (G1, . . . ,Gs) be the ideal of X in Pn, and assume that W is cut out by the regular
sequence F1, . . . , Fr. Then the Jacobian of W as a subvariety of P
n is given by
J =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∇F1
. . .
∇Fr
∇G1
. . .
∇Gs
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where the zero locus of Fi is the component Di of ∆.
Let r′ = n −dimX: since X is smooth, then the rank of the submatrix of J(p) obtained
by considering the last s rows is r′. If any of the first r rows were zero, then the rank of
J(p) would be less than r + r′, and this would contradict the smoothness of p. Therefore
∇Gi ≠ 0 for all i’s: this shows that the divisors Di are smooth at p.
We now claim that the Di’s intersect transversely at p: this amounts to showing that
codim TpX(TpD1 ∩ . . . ∩ TpDr ∩ TpX) = codimX,p(D1) + . . . + codimX,p(Dr)
Observe that each term in the right hand side of the above equality is 1, hence the
r.h.s. is equal to r. On the other hand, since TpD1 ∩ . . . ∩ TpDr ∩ TpX is the tangent space
to W at p, counting (co)dimensions yields that the l.h.s. is equal to r, too. 
Now we compute the pullbacks of the components of ∆. The idea is that the fact that
they meet transversely forces each Di to contain each component of W with multiplicity
one. More precisely, we have the following
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Lemma 2.6. Let D˜i the proper transform of Di. Then
f ∗(Di) ∼ D˜i + E1 + . . . + Eq
Proof. The proof of Lemma 2.4 implies that the Ei’s are the only exceptional divisors of
f . Therefore
f ∗(Di) ∼ D˜i + µ1E1 + . . . + µrEq
for some µi ∈ Z. The idea is to compute the µj’s locally on the the smooth locus of the
Wj and to show that they are all equal to 1.
We also know from Lemma 2.5 that every Di is smooth on an open subset U of Wj.
Let’s then work locally and assume that W ⊂ X = Spec R is a smooth integral complete
intersection given by the ideal I = ( f1, . . . , fr) of the ring R and Di = D is the zero set of
an element g ∈ I, with D smooth along W.
With this setup, the blow up Y = BlWX ⊂ X ×Pr−1 is given by taking Proj of the graded
ring
S = R[t1, . . . , tr]/(ti f j − tj fi∣i, j = 1, . . . , r)
and the ideal J of the exceptional divisor E is the ideal generated by I in S. We want to
show that g ∈ J ∖ J2, where g is the image of g under the natural injection R ↪ S, as this
will ensure that f ∗(D) ∼ D˜ + E.
Assume not, i.e. suppose we can write
g = ∑αij(x, t) fi f j, αij(x, t) ∈ S
Then this would imply
g = ∑ αij(x, 0) fi f j, αij(x, 0) ∈ R
thus g ∈ I2, which contradicts the assumption that D is smooth along W. 
Putting everything together, we can prove the main result of this section.
Proof of Theorem 2.1. By using Lemma 2.2 we can assume that Z is a component of a
complete intersection W in X, so Z =Wi for some i. Using the same notation as before,
with ∆ = D1 + . . . +Dr we get
KY − f ∗(KX +∆) ∼ (r − 1)∑Ei − f ∗∆
∼ (r − 1)∑Ei −∑ D˜i − r∑ Ei
∼ −∑ D˜i −∑Ei
from which it follows that the discrepancy of Ei with respect to (X,∆) is −1 for all i’s.
This implies that every component Wi of W satisfies the condition (2) of Definition 1.1
for the pair (X,∆). Moreover, (X,∆) satisfies (1) by Lemma 2.6. 
It is worth to point out that with these hypotheses on X and Y the pair (X,∆) might
not be lc at every point of X, since if the pair (X,∆) is lc then every log canonical center
has to be seminormal and Du Bois (see [Kol13, Section 4.3 and Theorem 5.14]).
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3. Du Bois singularities
If X is a smooth variety, then one can construct a special resolution of the constant
sheaf, namely the DeRham complex. It turns out that an analogue construction can
be carried out for an arbitrary normal variety X over C, yielding the Deligne-Du Bois
complex: it is an object Ω●X in D
♭
coh(X) that has a natural map OX → Ω●X . If this last
morphism is a quasi-isomorphism, then we say that X has Du Bois singularities.
The technical details of the definition can be found in [Kol13, Chapter 6]: here we state
Schwede’s equivalent definition ([Sch07]).
Definition 3.1. Let X be normal and let X ⊂ Y be an embedding in a smooth scheme. Let
f ∶ Z → Y be a log resolution that is an isomorphism outside of X, and let E be the pre
image with the reduced induced subscheme structure. Then X has Du Bois singularities
if the natural map OX → R f∗OE is a quasi-isomorphism.
We are interested in Du Bois singularities since in many cases of interest they are
closely related to log canonical singularities.
In one direction we have:
Theorem 3.2 ([Kov99]). Let X be a normal variety with DB singularities such that KX is Cartier.
Then X is log canonical.
Conversely,
Theorem 3.3 ([KK10], Theorem 1.4). Let (X,∆) be a log canonical pair. Then X is Du Bois.
We now state a few results that will be used in the next section. The first one is a
deformation result:
Theorem 3.4 ([KS11], Theorem 4.1). Let X be a scheme of finite type over C and H a reduced
Cartier divisor on X. If H has Du Bois singularities, then X has Du Bois singularities near H.
A substantial advantage of Du Bois singularities over lc singularities is the notion of a
Du Bois pair. Given any reduced subscheme Z ⊆ X, there’s a natural map Ω●X → Ω
●
Z, that
can be completed to a distinguished triangle
Ω
●
Z,X → Ω
●
X → Ω
●
Z
+
→
and one can prove that there is a natural map IZ → Ω●Z,X.
Definition 3.5. A pair (X,Z) is a Du Bois pair if IZ → Ω●Z,X is a quasi-isomorphism.
One would expect that if both X and Z are Du Bois then the pair (X,Z) is, too. This
is true, by the following very useful
Lemma 3.6 ([Kol13], Prop. 6.15). Let (X,Z) be a reduced pair. If two of {X,Z, (X,Z)} are
Du Bois, so is the third.
Another effective way to decide whether a pair is Du Bois or not, is the next
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Lemma 3.7 ([Kol13], Excision lemma, Proposition 6.17). Let X = (Y ∪Z)red be the union of
closed reduced subschemes with W = (Y ∩ Z)red. Then (X,Y) is a Du Bois pair iff (Z,W) is a
Du Bois pair.
One might wonder about the relationship between being a Du Bois pair and being an
lc pair. The following theorem provides an answer.
Theorem 3.8 ([GK14], Theorem 1.4). Let X be a nomal complex variety. Let (X,Σ) be a Du
Bois pair and ∆ a reduced effective divisor on X such that supp∆ ⊆ Σ and KX +∆ is Cartier. Then
(X,∆) is a log canonical pair.
The theorems above will be used extensively in the next section. Meanwhile, as an
example of an immediate application, one can see that a normal lc center Z of X such
that KZ is Cartier has lc singularities, as any union of lc centers is Du Bois ([Kol13, Thm.
5.14]).
4. A global lc condition for special lc complete intersections
The aim of this section is to show that under certain hypotheses one can prove the
existence of a log canonical pair (X,∆) such that Z is a log canonical center for (X,∆).
The precise statement is the following:
Theorem 4.1. Let X be a normal variety with lc singularities such that KX is Cartier, and let W
be a reduced irreducible special complete intersection in X such that W has lc singularities and
it is not contained in SingX. Then there exist a boundary ∆ such that the pair (X,∆) has log
canonical singularities and W is a lc center for (X,∆).
Inspired by the proof of Proposition 2.1, the idea is to produce new generators for the
ideal of IW , then use Bertini’s theorem to control the singularities of their zero sets and
finally to rely on results from the theory of Du Bois pairs to draw conclusions on the pair
(X,∆).
We will break down the proof in a few technical lemmas. For the rest of the section,
we will employ the following
Setup 4.2. The variety W will be a reduced complete intersection in X given by the ideal
IW = (F1, . . . , Fr) ⊆ S(X), where S(X) is the coordinate ring of X in Pn.
Since we’ll be using partial complete intersections in inductive arguments, we start by
stating a lemma about reducedness:
Lemma 4.3. Using the notation of Setup 4.2, for any s ≤ r the partial complete intersection
(F1, . . . , Fs) is reduced.
Proof. It’s enough to show that J = (F1, . . . , Fr−1) is reduced. Assume towards contradic-
tion that there is a homogeneous element G ∈ S(X) such that G ∉ J but Gq ∈ J for some
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q > 0. Among all such G’s, pick one with the minimal degree. By hypothesis, Gq ∈ J ⊂ I
so G ∈ I. We can write
G = H +MFr
where H and M are homogeneous elements with H ∈ J and degM < degG. Then
0 ≡ Gq ≡ MqFqr mod J
Since the Fi’s form a regular sequence, F
r
r is not a zerodivisor modulo J, hence M
q ∈ J.
By minimality of the degree of G, M has to be an element of J, and this forces G ∈ J,
contradiction. 
Many proofs rely on the fact that IW is generated by a regular sequence. Since we
want to consider a (possibly) different set of generators, we have to make sure they still
form a regular sequence: this turns out to be the case.
Lemma 4.4. Using the notation of Setup 4.2, every generating set G1, . . . ,Gr for IW consisting
of r elements is a regular sequence.
Proof. Let J = (G1, . . . ,Gs−1) and assume towards contradiction that Gs is a zerodivisor
modulo J. Then Gs is contained in a minimal prime of J, which are the same as the
minimal primes of
√
J. This implies that V(Gs) contains an irreducible component of
V(J), so that dimV(J + (Gs)) = dimV(J). Since intersecting with a hypersurface makes
the dimension go down by at most one, it would follow that dimV(IW) > n − r, contra-
diction. 
Before proving the main lemma, we need a way to control the singularities of a com-
plete intersection.
Lemma 4.5. Let (R,m) be a local Noetherian ring, f ∈ m a non zero-divisor and assume that
(R/ f ,m/ f ) is regular. Then (R,m) is a regular ring.
Proof. Let n = dimR. Then since f is a regular element dimR/ f = n − 1, hence there are
n − 1 elements ai ∈ m such that
(a1, . . . , an−1) = m/ f in R/ f
hence
(a1, . . . , an−1, f ) = m
This proves that m can be generated by n elements, hence R is regular. 
Nowwe are ready to state and prove the main technical tool of this section: basically, it
says that a complete intersection can be reached by a sequence of complete intersections
with mild singularities.
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Lemma 4.6. Using the notation of Setup 4.2, and assume furthermore that all the degrees of the
Fi’s are the same. Then there is a set of generators G1, . . . ,Gr for IW such that for every subset
S ⊆ {1, . . . , r} the complete intersection
DS = ⋂
i∈S
V(Gi)
is reduced, normal and smooth away from the singular locus of W.
Proof. Let Gi = ∑µijFj where µij ∈ k. Let U ⊂ Ar
2
be the open subset where the matrix
Ξ = (µij) is invertible. It’s easy to check that for any choice of (µij) ∈ U the Gi’s generate
the ideal IW , so they form a regular sequence by Lemma 4.4.
It follows that the DS’s are complete intersections, and their reducedness follows di-
rectly from Lemma 4.3.
Let Di = V(Gi). We claim that there is an open setV ⊂ Ar2 such that all the intersections
D1,D1 ∩D2, . . . ,D1 ∩ . . . ∩Dr−1
are smooth away from SingW. Note that by applying the same reasoning to any permu-
tation of the set {1, . . . , r} and intersecting all the V’s thusly obtained we can prove the
claim for an arbitrary DS.
Consider the linear system d on X generated by the Fi’s: by Bertini’s theorem (cfr.
[Har77, Rem. III.10.9.2]), for a generic choice of the first row of Ξ the scheme V(G1) is
smooth away from W and G1, F2, . . . generate IW . Let w ∈ W be a smooth point: then
by Lemma 4.5, it’s also a smooth point of V(G1, . . . , Fr−1). By applying the same lemma
repeatedly, we get that D1 is smooth at w.
Having chosen G1, by restricting d to D1 we can apply Bertini’s theorem again to get
that for a generic choice of the second row of Ξ the zero set of G2 is smooth away from
SingD1. Continuing in this fashion we get the desired open set V.
Moreover each DS is a complete intersection that is smooth away from SingW, whose
codimension in DS is at least 1 since W is normal. Therefore every DS is normal. 
Note that the fact that every DS is normal implies that it is actually irreducible, as
complete intersections are connected. We can even say more about the singularities of
DS.
Lemma 4.7. Let W be an irreducible reduced complete intersection in X with lc singularities
and let G1, . . . ,Gr be generators for IW such that each partial complete intersection DS is smooth
away from W. Then the pair
(DS,DS′), where S′ = S ∪ {j} for some j ∉ S
is a Du Bois pair.
Note that the Hs’s are reduced by Lemma 4.3, so the pair (Hs,Hs+1) is actually a
reduced pair.
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Proof. The idea is to use descending induction on ∣S∣. Assume that DS′ = DS ∩Dj has
Du Bois singularities: then DS has Du Bois singularities near W by [KS11, Theorem 4.1].
Moreover, Hs is smooth away from W, therefore actually DS has Du Bois singularities.
By [Kol13, Prop. 6.15] then the pair (DS,DS′) is Du Bois: in particular DS has Du Bois
singularities.
Now observe that since DS =W has lc singularities by hypothesis when ∣S∣ = r, then by
[KK10, Theorem 1.4] DS is Du Bois when ∣S∣ = r.

Note that this proof implies that all the DS’s are Du Bois, hence if S
′ is any superset of
S, every pair (DS,DS′) is Du Bois.
An interesting corollary of the proof is that the pairs (X,Di) are lc by [GK14, Thm.
1.4], as both KX and Di are Cartier. It turns out that we can exploit this fact to get a
stronger result.
Lemma 4.8. Assume Y is reduced, Du Bois and B1, . . . ,Br are reduced, Du Bois Cartier divisors
such that for all q ≤ r every possible intersection
Bs1 ∩ . . . ∩ Bsq
is reduced and Du Bois. Then the pair (Y,B1 ∪ . . . ∪ Br) is Du Bois.
Proof. The idea is to use induction and the excision lemma for Du Bois singularities (see
[Kol13, Prop. 6.17]). If r = 1, the statement is clearly true, since Y Du Bois and B1 Du
Bois implies that the pair (Y,B1) is Du Bois as well. Assume the claim is true for r − 1.
It’s enough to show that B1 ∪ . . .∪ Br is Du Bois, since we already know that Y is Du Bois.
By the induction hypothesis we know that B1 ∪ . . . ∪ Br−1 is Du Bois. Then the claim will
follow if we can prove that
(B1 ∪ . . . ∪ Br,B1 ∪ . . . ∪ Br−1)
is a Du Bois pair. By the excision lemma, this is equivalent to showing that
(Br, (B1 ∩ Br) ∪ . . . ∪ (Br−1 ∩ Br))
is Du Bois, and this last claim follow from the inductive hypothesis, as Br is reduced and
Du Bois and Bj ∩ Br is a reduced Du Bois Cartier divisor on Br for each j. 
Proof of Theorem 4.1. By Lemmas 4.6 and 4.7, there is a sequence of generators Gi for IW
such that all the possible partial intersections have Du Bois singularities. Then Lemma
4.8 yields that the pair
(X,⋃Di)
is Du Bois. If ∆ = D1 + . . . +Dr then, since KX is Cartier by [GK14, Thm. 1.4] we have that
(X,∆) is a log canonical pair. The other part of the statement follows from Proposition
2.1. 
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Remark 4.9. Actually the proof of this last theorem shows that if a subvariety Z of X is
a component of a special Du Bois complete intersection, then Z is a lc center for a log
canonical pair (X,∆).
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